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Abstract: In high voltage electrical discharge through metal powder, the current has the form of a damped oscillation 
as in an R-L-C circuit. The resistance, however, varies during the discharge. An analogous effect is found in exploding 
wires and thermistors. It is shown that the circuit equation can be solved approximately for a suitable variation of the 
resistance with time. The results are compared with experimental results and with a numerical solution for the case of 
electrical discharge through commercial steel powder. 
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1. Introduction 
The general theory of electrical circuits whose component parameters are linear and constant 
has been extensively developed and is well understood. In recent years, considerable attention 
and effort has been directed to the analysis and performance of circuits whose parameters vary 
with time. Many of the most important and interesting problems of circuit theory involve 
variable parameters, in particular physical processes such as Magnetic Forming of Metals, 
Exploding Wires, Thermistors and Electrical Discharge Compaction of Powders. 
The key equations which govern the discharge process are obtained by the application of 
Kirchhoff’s voltage law to an RLC circuit containing energy storage elements. An integro-dif- 
ferential equation normally results which can be solved by any of several methods. 
The voltage balance in an RLC equivalent electrical circuit can be written as 
d(LI)/dt+RI+Q/C=O, (1) 
where Q is the charge on the capacitor bank, R, L and C represent respectively the total lumped 
resistance, inductance and capacitance of the electrical connections, and Q is related to the 
current I flowing in the circuit by 
Z = dQ/dt. (2) 
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Energy balance gives the relation 
d[ ;LZ’ + Q2/2C]/dr + 12R + ri/= 0 (3) 
where ci/ denotes the rate of doing mechanical work, 12R is the electrical energy converted into 
heat and the quantity in square brackets is the total stored energy at time t. 
Combining equations (1) (2) and (3) we obtain 
@= +I’dL/dt. (4) 
Differentiating (1) with respect to time leads to the following second order linear differential 
equation: 
For constant circuit parameters, (5) gives a damped exponentially decaying sinusoidal current 
waveform. 
It is noteworthy that in most magnetic forming situations, (5) is solved for changing 
inductance L but the changes in R are ignored. Normally changes in L are governed by the 
magnitude of the current, thus the nonlinear equations are coupled. 
In the electrical discharge compaction of powders, exploding wires and thermistors, however, 
the change in L is negligible compared to that of R and (5) will have to be solved for a varying 
resistance. 
It is also worth noting in passing, that the basic equations (1) to (5) allow for the time-depen- 
dence of L and R, but in principle capacitance C could also vary as it does in parametric 
amplifiers [ 161. 
In this paper, some of the relevant physical processes are described and the solution of (5) for 
an exponentially decaying resistance is considered. 
2. Relevant physical processes 
2. I. The magnetic forming process 
The sudden discharge of a bank of capacitors through a coil of relatively few turns produces a 
high strength transient magnetic field; if this field is coupled with a metal workpiece, intense 
impulsive forces act on the material and accelerate it to a velocity of a few hundred feet per 
second in a time of tens of microseconds. Components may thus be formed or assembled in much 
the same way as in other high rate processes which employ explosive charges or high energy 
underwater sparks [l]. 
The magnetic forming process is used in the aircraft industry to assemble control rods and 
linkages; materials of high electrical conductivity and low yield stress such as copper, aluminium 
and brass can also be formed by this process. 
The governing equations of magnetic forming have been solved by Al-Hassani et al. [2], who 
combined the coil and workpiece into a single equivalent circuit whose inductance and resistance 
were functions of both the coil and workpiece parameters. 
Normally, the changes in inductance far exceed those in R and one tends to solve the problem 
for changing L. However, if the changes in the physical dimensions are small, the changes in L 
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will consequently be negligible and the problem reduces to that of a transient change in R due to 
effective current paths and simultaneous heating. 
The manner in which these variations in L and R take place complicates the problem and 
solutions have so far been numerical [2]. 
2.2. Exploding wires 
It is well known that fuse wire explodes when subject to the passage of high electrical energy. 
The explosion of wire under the passage of heavy current has been a subject of research for many 
years, the first work being reported in 1774 [7]. Although explosion phenomena have been 
studied for such a long time, the mechanism of wire explosions is still not fully understood. 
The disintegration of a powder column or exploding powder [16] is generally similar to a wire 
disintegration under the influence of a heavy current. 
Exploding wires have been put to a large number of uses since Nairne first used them as a 
current estimating device in 1774. 
The variable resistance introduced by an exploding wire into the circuit produces a nonlinear- 
ity which prevents solution of the circuit equations in analytical form. Good [ll] attempted to 
solve the circuit equations with variable resistance by a modified Wentzel-Kramers-Brillouin 
method. In order to obtain a solution, R is assumed to vary inversely with time as a Laurent 
series truncated at the fifth term. Because of this decrease of resistance with time, this 
approximation is clearly of use only in late stages of the discharge. A typical exploding wire 
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Fig. 1. Typical exploding wire resistance-time curve [ll]. 
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Fig. 2. Resistant-temperature characteristics of different types of thermistor in contrast to a platinum resistance 
thermometer (NTC-Negative Temperature Coefficient, PTC-Positive Temperature Coefficient) [13]. 
Bennett [6] solved the circuit equation of exploding wires by the Picard method of successive 
approximations. The second spproximation showed the cubic law of changing resistance with 
time, and he found the resistance and current in the third approximation. 
2.3. Thermistors 
Thermistors, or thermally sensitive resistors, are electric conductors whose resistance changes 
markedly with temperature rise [12]. Their behaviour is remarkably similar to exploding wires 
and exploding powders although the level of energy they operate at is greatly different. 
Thermistors are commonly made in the form of beads, rods, disks, washers and flakes. 
Thermistor stability has been improved so much that today the thermistor has overtaken the 
termocouple, its second major rival, and is only slightly inferior to the platinum resistance 
thermometer over its recommended temperature range [13]. 
Two forms of thermistor are distinguished according to the sign of the temperature coefficient 
of resistance. These are negative temperature coefficient (NTC) thermistors, whose resistance 
decreases with increasing temperature; and positive temperature coefficient (PTC) thermistors 
with a resistance that increases with increasing temperature. Both forms of thermistor are 
prepared from semiconducting materials. A comparison of resistance-temperature characteristics 
between various types of thermistor is shown in Fig. 2 (see [13]). 
The solution of (5) for a varying resistance would, therefore, contribute greatly to this 
important area. 
S. T.S. AI-Hassani/Nonlinear circuit equations 179 
Switch 
Capocitor r/O-L EtKtrode rz7 L 
Bank 
Fig. 3. (a) Discharge Unit used to compact powder. (b) RLC equivalent electrical circuit. 
2.4. Electrical discharge compaction 
Now-a-days, metal powders can be compacted by high voltage electrical discharge. This 
industrial process was invented at UMIST by Clyens, Johnson and Al-Hassani. ’ 
In this process, the electricity stored in capacitors is discharged through an ignitron switch, 
allowing an instantaneous current to pass through the circuit and creating a nearly instantaneous 
large potential difference across the powder column. The passage of current through the powder 
column breaks down the oxide layers on the powder particles and compacts the mass into a solid 
bar of sufficient strength to permit handling. The degree of compaction depends on the electrical 
circuit parameters and the powder particle properties. 
The ease with which the preform can be removed from its container, and the fact that this can 
be made of cheap material (e.g. glass or plastic) and can be re-used many times before 
replacement, are particular advantages of this compaction process. 
The experimental set-up consists of a relatively simply R-L-C electrical circuit, using a column 
of metal powder as a short circuit resistance across the capacitor bank. This is shown schemati- 
cally in Fig. 3. The capacitor bank used in the present work consisted of fifteen 5.32 yF 
capacitors. The charged voltage in the circuit is measured by an electronic voltmeter and the 
discharge current by a toroidal Rogowsky coil surrounding the powder column. The instanta- 
neous voltage across the powder column is measured by two high voltage probes, one at each end. 
The powder column final resistance, inductance and capacitance are measured by a universal 
bridge energised by an external signal generator at an appropriate frequency. A more detailed 
description and anlysis of the electrical circuit and discharge conditions are given by Al-Hassani 
[3,4, 51. 
It is held that the suddenly imposed potential difference across the column breaks the oxide 
film surrounding the particles and consequently a high tansient current begins to flow. The 
electrical energy thus released gives rise to a current pulse which raises the temperature in the 
powder column. A strong magnetic field, which is perpendicular to its generating flow direction 
(i.e. in the azimuthal direction), exerts a radially inward ‘pinch effects’ which compresses the 
powder specimen. Provided that the electrical discharge energy per unit mass of metal powder 
exceeds a certain critical minimum and is maintained below a certain maximum, and provided 
’ British Patent No. 45778/75 (1976). 
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sufficient energy is supplied, then an adequate degree of compaction will be accomplished [lo]. 
The process is mainly governed by the resistance change in the circuit and is, therefore, similar 
to exploding wire and thermistor behaviour. 
Common to all the above processes is (5). However, for negligible inductance 
reduces to 
The problem, therefore, is to solve this equation subject to the initial conditions at 
when the circuit is closed. These are 
I=0 and dI/dt= V,/L at t=O, 





3. Mathematical analysis 
In constructing a mathematical model of the process of electrical discharge compaction we 
assume that the inductance and capacitance of the circuit remain constant, but the resistance 
varies. The instantaneous resistance is considered to be a function of the temperature through its 
dependence on the geometrical and electrical properties of the powder column. The problem is 
therefore rather complicated. 
However, if one ignores the coupling between I and R and dictates the manner in which R 
changes during the process, a number of interesting cases arise. The most relevant of these are the 
cases when R is (i) constant, (ii) exponentially decaying and (iii) decaying according to two 
exponential functions. 
In most electric discharge compaction problems, the resistance R(t) is very large at time t = 0, 
but it decreases rapidly as t increases and becomes small at large values of time. The circuit can 
therefore be thought of as being strongly overdamped initially, but the damping decreases as time 
goes on, and the circuit eventually becomes underdamped. 
An exact solution of (6) with the initial conditions (7) can be obtained in terms of Bessel 
functions for the special case of an exponentially decreasing resistance 
R(t) = R, em”‘, (8) 
where R, and (Y are constants. The substitution 
I(t) = eXx’/*#(x), (9) 
where 
x = (R,/2La)e-“‘, 00) 
converts (6) into 
X’~“(x)+2xf#S’(x)+(k2+~-x-x2)f$(X)=0, 
where 
k = l/a( LC)“* = ~,,/a, 
and w0 is the natural frequency of the undamped circuit. 
(II) 
(12) 
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Equation (11) can be solved in terms of the Bessel functions I*,,* * Jx), and the required 
solution of (6), details of which are given in the Appendix, is 
‘(--xg (+#* 
I(‘) = ne;k cash ak (13) 
where 
x,, = R/2Lar (14) 
is the value of x at time t = 0, and the functions +a( x) and G,(X) are defined by 
~,(x)+i~I(x>=r,,2*i,(x>+I-,,2,i,(x>. (15) 
It is shown in the Appendix that, when 
x0 >> x z=- k* + 1, (16) 
(13) reduces approximately to 
L(t) = &/R(t). (17) 
This corresponds to the fact that R(t) is large when t is small, so that, after the initial jump in 
I(t), the dominant terms of (6) are 
R(dl/dt) + (dR/dt)I = 0. (18) 
In several applications of electrical discharge compaction, the circuit resistance can be 
approximated closely by a sum of two exponential terms, namely 
R(t) = R,(t) +R,(d 09) 
where 
R, ( t ) = A, e-“I’, R,(t) = A, ema2’ (20) 
and 
A, =+A,, (Y, z+ (Y*. (21) 
The assumptions (21) imply that when t is small the first term R,(t) dominates in (19), but the 
second term R,(t) does when t is large. Consequently, there is a characteristic time t = T at 
which these two terms are equal, that is 
A, eeulr = A, e-02T, (22) 
and we further assume that 
The solution to this case 
with the rather complicated 
further assumption that 
k=o,/a,~l. 
R(T) is large. 
is also treated in the Appendix. In Section 4 comparisons are made 
analytical approximation (A.34), which is derived on the basis of the 
(23) 
At large values of time the resistance (19) becomes negligible, and the circuit is then undamped. 
We therefore have a final steady harmonic oscillation of the current 
I(t) = I, sin( w,t - 6). (24) 
The results of the Appendix show that in the case (23) the amplitude of the current oscillation 
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when t * cc is approximately 
and the phase lag 
(26) 
4. Experimental results and comparison with numerical and anlytical solutions 
Although extensive experimental results have been published earlier [3,4,5,9], we describe here 
the essential features of the measuring techniques employed in the electrical discharge compac- 
tion of powders. The process is chosen for comparison with the theoretical results for conveni- 
ence and for its growing industrial potential. 
The original metal powders are classified by sieving into size fractions and in some experi- 
ments selected fractions are blended to produce closepacking a ggregates. The metal powders are 
then poured into an electrically nonconducting container plu gged at one end with a close fitting 
copper electrode. During fillin g, the container is gently tapped to ensure a uniform fill. A second 
close-fitting electrode is then pressed into the open end to provide the other contact to the 
powder column. The capacitor bank is then discharged across this powder column and the 
voltage and current traces are recorded. 
The discharge current is measured with a toroidal Rogowsky coil which surrounds the powder 
column. The current waveform is displayed on a Tektronix type 7613 oscilloscope, from which 
values of instantaneous currents can be determined. In general, the current waveform of each 
different powder fell into one of two distinct types, a smooth change of current with time and a 
smooth change of current with time but with a kink. Powder particle size was the main factor 
controlling the shape of the waveform. A typical damped oscillatory current variation, obtained 
from a commercial steel powder column, is shown in Fig. 4. 
The instantaneous potential difference across the powder column is measured with a high 
voltage probe. Corresponding to (1) for the whole circuit, this potential difference is given by 
V, - V2 = L, dI/dt + RI, (27) 
where L, is the inductance associated with the powder column only. In the experiments L, is 
small, and the first term on the right side of (27) could be neglected. We therefore obtain the 
resistance of the powder column from 
R = ( V, - V, )/I. (28) 
We seek to represent the experimental resistance variation, as found from (28) by the 
two-term exponential form of (19). In order to find suitable values of the constants, log,R is 
plotted against time in Fig. 5. The form (19), with the conditions (21), shows that at small times t 
log,R = log,A, - cqt, (29) 
whereas for large values of time 
log,R = log,A, - a,t. (30) 
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Fig. 4. Current waveforms of commercial steel powder column (diameter = 7.4 mm, length = 100 mm, subjected to 7 
kV, I!. = 1.2 PH and C = 74.5 pF). 
Equations (29) and (30) represent straight lines in Fig. 5, so that values of the constants A,, (Ye, 
A,, a2 may be found by drawing straight lines to approximate the graph of log,R against t for 
small and large values of t. The values of the constants are found as 
A, = 105, (Yr = 4.5 x 106, A, = 0.30 and (Ye = 0.0866 x 106. 
Figure 5 shows that a good fit is obtained in this way for t < 40 psec. 
The differential equation (6) was also solved numerically with the initial conditions (7) using a 
Runge-Kutta-Merson method for the current I(t), with R(t) given by the approximation (19), 
and the result is compared in Fig. 4 with the experimental current variation, and with the 
analytical formula (A.34). As noted in the Appendix, (A-34) fails in a certain range of t (from 
t = 2.5 usec. to t = 6.5 psec) which is shown in Fig. 4 as a discontinued curve. This is when R(t) 
is near the value 2(L/C) I’* for critical damping. For other values of t the comparison is 
satisfactory, particularly since k = 1.22 is not large. 
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Fig. 5. Plot of In R against t for the case shown in Fig. 4. 
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The inductance L may conveniently be found from (1) by considering the instant t = t,, at 
which I( to) = 0. This gives 
L = [ 6 -$.p(t)dr]/g(t,,). (31) 
From the experimental values of I shown in Fig. 4, the value of L was determined, and this value 
was used in making the comparisons shown in Fig. 4. 
The discrepancies for larger values of time are due to the fact that the resistance formula (19) 
was fitted to the resistance variation in the range 0 to 40 psec, and is not so accurate at larger 
values of time, where R(t) is very small. 
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5. Conclusion 
Some of the relevant physical processes are described. For the electrical discharge process, the 
variation of resistance with time is expressed by fitting a two-term exponential form. With this 
form for the resistance, a mathematical anlysis of the circuit equation is carried out to determine 
the time dependence of the current. The results thus obtained are compared with experimental 
results and with numerical solutions of the circuit equations, and are found to show good 
agreement. 
A detailed investigation of how the resistance varies with the geometrical and electrical 
properties of the powder column is the subject of current research work at UMIST. A 
mathematical model of the elctrical discharge compaction process is potentially useful for future 
industrial applications. 
Appendix 
In Section 3 it was noted that in the case 
R(t) = R, e-“’ 
the substitution (9) and (10) transforms the circuit equation to 
x2~“(x)+2x~‘(x)+(k2+~-x-x2)cp(x)=0. 
The initial conditions (7) become 
K%) = 01 - ~e”“x~‘2+‘( x0) = I/,/L, 
where 
x0 = R,/2Lcr 





It may be verified that equation (A.2) has two independent solutions 
G+Cx> = zl/*+ik(x) + z-l/2+ik(x) 64.5) 
and 
+-(x) = z1/2-ik(x) + 1-1/2-ik(x)y (A4 
where Z,(x) denotes the Bessel function defined by Watson [17] in section 3.7. Because the 
functions C+,(X) have conjugate complex vaues when k and x are real, it is convenient to 
introduce their real and imaginary parts by writing 
+,(x> =&(x) *i+,(x). (A-7) 
In particular, it should be noted that 
G,(X)= (i/T> coshTk{ K,/,+i,(x)-K,/2-i,(x)}~ (A.@ 
where the function K,(x) is also defined by Watson [17, section 3.71. Using the properties of 
these Bessel functions, we can solve (A.2) with the conditions (A.3), and hence obtain the exact 
solution of (6) with the initial conditions (7) in the form 
~-%(xox)1/2 
‘(‘) = = ;k cash 7rk (A-9) 
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In the application of these results to the electric discharge compaction problem. the dimension- 
less quantity x0 is very large, of order 105, whereas k is of order 1. As the time t increases, the 
variable x starts at the value x,, when t = 0, but decreases rapidly and tends to 0 as t --, 00. Thus 
we can certainly approximate to the values of GR( x0) and +,(x0) from the asymptotic forms of 
the Bessel functions, see [17, section 7.231 to get the result 
(A-10) 
which is valid except when t is extremely small. 
For small times such that 
x,>>x>>k’+l 
we can also use the asymptotic expansions of the K, functions in (A.lO) to obtain 
(A.ll) 
Z(t)-& 1 -e+ 
i 
(12 + k2)(22 + k2) 
i 
Vo _... - 
2!(2x)* OrL’ 
(A.12) 
The leading term of (A.12) gives the approximate result 
I(r) = K@(t), (A.13) 
which corresponds to the fact that, for times t at which (A.ll) holds, the dominant terms of (6) 
are 
R(dI/dt) + (dR/dt)Z = 0. (A.14) 
When t --* co, R(t) + 0, so that there is a simple harmonic oscillation of the current. This can 
be found from the behaviour of the Bessel functions as x + 0, which leads to 
I(r) - (cash ak)-“* sin(o,t - S)V,(C/L)“*, (A.15) 
where the phase lag 6 is given by 
6 = log(~x,)k - B,(k), (~.16) 
and B,(k) is obtained from the gamma functions involved in the definition of the Bessel 
functions by 
T(f+ ik) = ( cos~nk)“2 exp( &i@,(k)). (A-17) 
We now consider the problem of finding an approximate solution to (6) with initial conditions 
(7). when the resistance R(t) is given by the two-term exponential form (19), with the 
assumptions stated in Section 3. 
As long as the resistance R(t) remains large, that is to say the circuit is heavily overdamped, 
we can look for an approximate solution in the form 
Z(f) = V,/R(f) +J(t), (AX) 
Where J(t) is a small correction to the first approximation (A.13). Then 
(A.19) 
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On the left side of (A.19) the first term is dominant, so that we have. approximately. 
R(t)J(t) =L R’(t) 1 1 ds 
V, --- R’(t) - / c o R(s). 
(A.20) 
With the assumptions given in Section 3, we can approximate to this result in the following 
three cases. 
(i) While R,(r) XI=- R,(t) 





z- $a,+- - 
i Ca, R(T)’ 
(iii) When R,(t) x- R,(t) 
RW(t) 




Since we require the correction term .I( t) to be small compared with the leading term Z(t), we 
must have 
I I R(dJ(d << 1 v, ’ (A.24) 
and the results (A.21) to (A.23) enable this condition to be tested. 
When the time t is sufficiently large, the condition (A.24) will fail, but since R2( t) x- R,(t) we 
can use the results obtained for the simple exponential case (A.l). We now have 
x = A, eeaz’/2 La,, k = l/arz ( Lcy2 = wo/a2, (A.25) 
but instead of the initial conditions (7) or (A.3) we must match the solution with the result 
derived from (A.23), that 
w> La,+ l/C% + 2 \ 
R(t) Ca2R(7) I 
) (~.26) 
when x is large. Consequently, we must modify (A.lO) to 
2 I( ) “2 K1/2+ik Ca2R(7) 2 e” (x) -K*/*-ik(X) 5 - ik aL’ (A.27) 
where the factor introduced represents the first-order correction to allow for the contribution of 
the term R,(t) to the resistance. We can expect (A.27) to be valid for all t such that 
R,(t) F+ R,(t). 
Finally, we note that although k, as defined by (A.25) is of order 1, we can obtain a useful 
approximation by treating k as large. This is derived from the asymptotic formula. given by 
Olver [14, Ch. 10, section 7.41, 
(~.28) 
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where 
&$= (1 +z*)“*+ log, z 
1 + (1 + z*)“* ’ 
which is valid when 1 v 1 is large, provided that z is not near &i. If we introduce the notations 
i+ik+u+io =x exp(X + ip), 
where 
0 < 8 < +ll, 0-++, 
we obtain from (A.28) 
K,/2+it(x)-($)*‘*exp{-U+~X-k~+i(-~8-u+kh+fp)}, 




r(t)- [l+ C.2~(~)](~~‘2e~-u+~/2-~~sin(kh+:p-:8-~~~. (A.34) 
This approximation fails when x is near k, which corresponds to z near i in (A.28), and there is 
no satisfactory approximation in terms of elementary functions in this region. This failure occurs 
when the damping of a circuit with constant resistance R, equal to the instantaneous value R(t). 
is near the critical value 2( L/C)“*. 
Corresponding to (A.15) we have, for large k, the final steady harmonic oscillation 
I(t) - [l + Cu,2R(r)]e-Tk12 sin(w,t - a)?$( $)“*, (A.39 
where 
S = ( log,(&4,(C/f.)“*) + l}k. (A.36) 
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